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Abstract. Let G be a finite group, and let V be a completely reducible faithful
G-module. By a result of Glauberman it has been known for a long time that if
G is nilpotent of class 2, then |G| < |V |. In this paper we generalize this result as
follows. Assuming G to be solvable, we show that the order of the maximal class
2 quotient of G is strictly bounded above by |V |.
1 Introduction
In [3, Proposition 1] G. Glauberman proved that if n is a positive integer, p is a prime and
G ≤ GL(n, p) is a p′-group which is nilpotent of class 2, then |G| < |V |.
The goal of this paper is to generalize this result as follows. For a finite group G put Gc =
[G,G,G] = [G′, G]; i.e., Gc is the intersection of all normal subgroups of G whose quotient
group is nilpotent of class 2, so that G/Gc is the (maximal) class 2 quotient of G. With this we
will prove the following generalization of Glauberman’s result.
1.1 Theorem. Let G be a finite solvable group and V 6= 0 a finite faithful completely reducible
G-module, possibly of mixed characteristic. Then
|G/Gc| < |V |.
Of course, when G is nilpotent of class 2, this is just Glauberman’s result, which we will use in
the proof of the above theorem.
Theorem 1.1 can also be viewed as a strengthening - for solvable groups and completely reducible
modules - of a result by Aschbacher and Guralnick, see [2, Theorem 1]. They proved that the
order of the abelian quotient |G/G′| of G, i.e., the class 1 quotient of G, is strictly bounded above
by |V |, where G is a finite faithful linear group on the finite module V such that Or(G) = 1 for
the characteristic r of V . For solvable G and completely reducible V our new result shows that
even the class 2 quotient of G is strictly bounded above by |V |.
We note that we believe that the main result of this paper remains true for arbitrary finite
groups in place of solvable groups.
2 Bounding the class 2 quotient by the module size
In this section we prove Theorem 2.3. We first prove a reduction lemma.
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2.1 Lemma. Let G be a finite group and N ✂G. Then
|G/Gc| = |G/GcN | · |N : N ∩Gc|;
and
|G : Gc| divides |G/N : (G/N)c||N : N c|.
Proof. The proof goes along exactly the same lines as the proof of [6, Lemma1] ✸
In [6] the following result is proved, albeit not stated as a separate result.
2.2 Lemma. Let G be a finite solvable group and V a finite faithful completely reducible G-
module, possibly of mixed characteristic. If G is not nilpotent, then
|G/G′| < |F (G)/F (G)′ |.
Proof. This is not explicitly stated in [6], but is contained in the proof of [6, Theorem 2.3]
at the beginning where it is obtained that G can be assumed to be nilpotent. Note that in that
proof the inequality (2) there is obtained by using an inductive hypothesis which we do not have
if we just want to prove the current lemma. But we can, instead, simply use the now proven
[6, Theorem 2.3] to get that inequality (2) in the proof of the current lemma, or, alternatively,
use the Aschbacher-Guralnick bound [2, Theorem 3] to obtain (2), and otherwise just follow the
argument outlined in the proof of [6, Theorem 2.3]. In particular, if one uses the Aschbacher-
Guralnick result, then the proof is independent of [6, Theorem 2.3]. ✸
We sort of used Lemma 2.2 in [6] to reduce the proof of the main result to nilpotent groups. We
plan to do a similar approach in the proof of the main result Theorem 2.3 of this paper, and as a
consequence, will get the class 2-analogue of Lemma 2.2 (see Corollary 2.4 below); unlike in the
proof of Lemma 2.2, however, we do not see how to replace using Theorem 2.3 by some other
result, so that the class 2-analogue of Lemma 2.2 truly appears to be a consequence Theorem 2.3.
We therefore now start proving Theorem 1.1 and roughly use a similar structure as in [6, The-
orem 2.3]. Not surprisingly, the reduction to nilpotent groups is a little bit more involved, but
the remaining proof is a little shorter, since we can rely on work of Glauberman [3].
2.3 Theorem. Let G be a finite solvable group and V 6= 0 a finite faithful completely reducible
G-module, possibly of mixed characteristic. Then
|G/Gc| < |V |.
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Proof. We work by induction on |GV |. First we want to reduce to the case that G is nilpotent.
So suppose G is not nilpotent. Write F = F (G) for the Fitting subgroup and Φ = Φ(G) for the
Frattini subgroup of G. As G is not nilpotent, we have F < G.
Moreover, by Gaschu¨tz’ theorem F/Φ is a faithful, completely reducible G/F -module (possibly
of mixed characteristic). We now write F/Φ = W1 ⊕W2, where W1 = (F ∩G
c)Φ/Φ and W2 is
a G-invariant complement of W1 in F/Φ. Hence
W2 ∼= (F/Φ)/W1 ∼= F/(F ∩G
cΦ) as G-modules.
We now claim that G/F acts faithfully on W1. Assume not, then there exists a g ∈ G − F
such that g is of prime order q for some prime q and g acts trivially on W1. Since by Gaschu¨tz’
theorem we know that there exists a subgroup Φ ≤ L ≤ G such that L/Φ is a complement of
F/Φ in G/Φ, by choosing g in L we may assume that gq ∈ Φ.
Since g acts nontrivially on F/Φ, it follows that g acts nontrivially on W2. Then there exists
an irreducible G/F -submodule X2 of W2 such that g acts nontrivially on X2. Then X2 is of
characteristic p for a prime p, and there exists an x ∈ F of p-power order such that xΦ ∈ X2
and [g, x] ∈ F − Φ. Now if [g, x] ∈ GcΦ, then [g, x] ∈ F ∩GcΦ = (F ∩Gc)Φ (the latter equality
following from Dedekind’s identity) and hence 1 6= [g, xΦ] ∈ X2 ∩ (F ∩G
c)Φ/Φ ≤ W2 ∩W1 = 1,
a contradiction. This shows that [x, g] 6∈ GcΦ (+). In particular, x, g ∈ G−GcΦ.
We consider two cases.
Case 1: It is possible to choose X2 in such a way that p 6= q.
Then we do this, so p 6= q. Now since G/Gc is nilpotent, p 6= q, and xGc ∈ G/Gc is of p-power
order, we see that 1 = [xGc, gGc] = [x, g]Gc which implies that [x, g] ∈ Gc, contradicting (+).
Hence this case cannot occur.
Case 2: It is not possible to choose X2 in such a way that p 6= q.
Then p = q and g acts trivially on the Hall q′-subgroup of F . (More precisely, in Case 2 first we
know that g acts trivially on the Hall q′-subgroup of F/Φ, but well-known results on coprime
automorphisms then imply that g indeed acts trivially on the Hall q′-subgroup of F .)
Recall that g 6∈ F , and we now work towards a contradiction. This contradiction will show that
Case 2 cannot occur either and thus we will have shown that G/F acts faithfully on W1.
Now let H be a Hall p′-subgroup of F and put C = CG(H). Clearly H ✂G and C ✂G. Also,
since F ≤ C, it follows that F (C) = F . Hence g ∈ C − F (C). We also have Op(C/F ) = 1,
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because if P0 is the inverse image of Op(C/F ) in C and P is a Sylow p-subgroup of C, then
we have P0 = P × H, so P0 is nilpotent and normal in C and hence P0 ≤ F (C) = F and so
Op(C/F ) = 1 as claimed. As g is of order p, we obtain that g 6∈ F2(G) (the second Fitting
subgroup of G).
Hence there exists a prime r 6= p such that g acts nontrivially on the Sylow r-subgroup R0
of F (C/F ). By the Hall-Higman reduction [5, III, Satz 13.5] we can find a subgroup R1 of R0
which is minimal with respect to g acting nontrivially on it, and R1 is special and [〈g〉, R1] = R1.
We observe that since G acts trivially on W1, we have [〈g〉,W1] = 1 and thus [W1, 〈g〉, R1] = 1
and also [R1,W1, 〈g〉] = 1. So by the Three-subgroups-lemma we conclude that [R1,W1] =
[〈g〉, R1,W1] = 1, that is, R1 acts trivially on W1 and thus nontrivially on W2.
Since [〈g〉, R1] = R1, it follows that g will act nontrivially on any submodule of W2 on which R1
acts nontrivially. In particular, by possibly replacing X2 we may assume that R1 acts nontriv-
ially on X2.
Now let R ≤ G be the inverse image of R1 ≤ C/F in C, and put T = 〈g〉R. Moreover let
Y ≤ X2 be an irreducible T -module on which R1 acts nontrivially. As seen above, then g will
act nontrivially on Y . Put S = TY ≤ G/Φ. We consider again two cases.
Case A: Y 6≤ Sc.
Since Y is irreducible as T -module, this means that Sc ∩ Y = 1. So if R ≤ Sc, then [R,Y ] ≤
Sc ∩ Y = 1 contradicting R acting nontrivially on Y . Hence R 6≤ Sc, and clearly gΦ 6∈ Sc (as
g 6∈ GcΦ and Sc ≤ (G/Φ)c = GcΦ/Φ). But by the choice of R1 it then is clear that S/S
c cannot
be nilpotent since g cannot act trivially on any factor group of R1). This contradiction shows
that Case A cannot occur.
Case B: Y ≤ Sc.
Let y ∈ Y such that [g, y] 6= 1. Then 1 6= [g, y] ∈ Y , and as before we conclude that
[g, y] ∈ (F ∩ Gc)Φ/Φ (since Sc ≤ Gc) and thus [g, y] ∈ ((F ∩Gc)Φ/Φ) ∩X2 ≤ W1 ∩W2 = 1, a
contradiction. So Case B is impossible, too.
So this finally refutes our assumption that G/F does not act faithfully on W1, and thus we now
suppose that W1 is a faithful G/F -module.
Now by induction, applied to the action of G/F on W1 = (F ∩G
c)Φ/Φ, we can conclude that
(1) |G/(GcF )| = |(G/F )/(GcF/F )| = |(G/F )/(G/F )c | < |W1|.
Furthermore
(2) |G/Gc| = |G/(GcF )| · |GcF/Gc| = |G/(GcF )| · |F/(F ∩Gc)| < |W1| · |F/(F ∩G
c)|,
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where the inequality follows from (1). Now as F c ≤ Φ(F ) ≤ Φ(G), we see that
(3) |W1| = |(F ∩G
c)Φ/Φ| = |(F ∩Gc)/(F ∩Gc ∩ Φ)| ≤ |(F ∩Gc)/F c|,
and this together with (2) yields
(4) |G/Gc| < |(F ∩Gc)/F c| · |F/(F ∩Gc)| = |F/F c|.
Now since F < G, by induction we have |F/F c| < |V |, and together with (4) we obtain
|G/Gc| < |V |, as desired.
So from now on we may assume that G is nilpotent.
Next we show that we may assume that V is irreducible. Suppose that V = V1⊕V2 where V1, V2
are nontrivial G-submodules of V . By induction, we have that |G/CG(V1) : (G/CG(V1))
c| < |V1|.
Since CG(V1) is normal in G, we know that V is a completely reducible CG(V1)-module, and so V2
is a faithful completely reducible CG(V1)-module. Thus by induction, |CG(V1) : CG(V1)
c| < |V2|.
So altogether with Lemma 2.1 we obtain that
|G : Gc| ≤ |G/CG(V1) : (G/CG(V1))
c| |CG(V1) : CG(V1)
c| < |V1||V2| = |V |,
and we are done. So now suppose that V is irreducible as G-module.
If V is quasiprimitive, then it is well-known (see e.g. the proof of [7, Theorem 3.3]) that
G = S × T where T is cyclic of odd order and S is a 2-group that is cyclic, dihedral, quaternion
or semi-dihedral. In particular, G has a cyclic normal subgroup U of index at most 2. Thus
clearly U has a regular orbit on V and so |G|/2 < |V |. If G is abelian, then even |G| < |V |,
and we are done. If G is not of class 2, then |G : Gc| ≤ |G|/2 < |V |, and we are done. So we
may assume that G is of class 2. In this case G must be of order 8 and dihedral or quaternion,
and in both cases it is easy to see that |G| < |V | follows. Therefore from now on we may assume
that V is not quasiprimitive.
Next we would like to further reduce to the case that G is a p-group for some prime p. For this,
we argue somewhat similarly as in the corresponding part of the proof of [6, Theorem 2.3], but
have to work a little harder. As in [6] we will avoid using the main result in [4] to keep the
argument here more elementary and self-contained; also, using [4] would save us only little work.
First, working towards a contradiction, assume that there are at least two distinct primes di-
viding |G| for which G has a nonabelian Sylow subgroup. Let p be one of these primes and
write G = P ×H where P ∈ Sylp(G) and H ∈ Hallp′(G). Then both P and H are nonabelian.
Now V is a finite G-module over a finite field, so let K be that field. By [8, Lemma 10] there
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exists a finite field extension L of K such that if U is any irreducible summand of V viewed
a an LG-module, then the permutation actions of G on V and U are permutation isomorphic.
So by studying the action of G on U instead of V , we may as well assume that V is absolutely
irreducible. Then by [1, (3.16)] we may further assume that V = X1 ⊗X2 is a tensor product,
where X1 is a faithful, irreducible P -module and X2 is a faithful irreducible H-module. So if
ki = dimK Xi for i = 1, 2, then ki ≥ 2 and |Xi| = |K|
k
i for i = 1, 2. Now by induction, we know
that |P : P c| < |X1| and |H : H
c| < |X2|, and therefore we get
|G : Gc| = |P : P c| · |H : Hc| < |X1| · |X2| = |K|
k1+k2 ≤ |K|k1k2 = |V |,
and we are done.
Since G is not abelian, we therefore know that there exists exactly one prime p such that G
has a nonabelian Sylow p-subgroup. Since V is irreducible, every abelian Sylow subgroup of G
must be cyclic and act frobeniusly on V , and so we have G = P × H where P ∈ Sylp(G) and
H ∈ Hallp′(G), and H is cyclic and acts frobeniusly on V . To complete the reduction to G being
a p-group, we eventually will show that we may assume that H = 1.
Since V is not quasiprimitive, and P is the only nonabelian Sylow subgroup of G, by [7, Propo-
sition 0.3] there exists an E✂G with |G : E| = p such that VE = V1⊕ . . .⊕Vp for homogeneous
components Vi of VE which are permuted in a p-cycle by G/E.
Clearly H ≤ E, so write E = D ×H, where D ∈ Sylp(E) is of index p in P .
Now clearly Ec = Dc, and by the inductive hypothesis, |E/Dc| < |V |.
Next we want to show that we may assume that Dc = Gc.
To do this, assume that Dc < Gc. Since G is nilpotent, it is then clear that p|Dc| = p|Ec| ≤ |Gc|,
and so it follows that
|V | > |E/Dc| =
|E|
|Dc|
=
p|E|
p|Dc|
=
|G|
p|Dc|
≥ |G/Gc|,
and we are done. Thus from now on we assume that Dc = Gc.
Now put C0 = D, and if Ci is already defined for some i ∈ {0, . . . , p− 1}, then define
Ci+1 = CCi(Vi+1) = Ci ∩ CD(Vi+1) =
i+1⋂
j=1
CE(Vj).
Also let Di = Ci/Ci+1 for i ∈ {0, . . . , p − 1}. Since Ci+1 ✂ Ci, we see that Vi+1 is a faithful
completely reducible Di-module for i = 0, . . . , p−1. Also note that Dp−1 =
⋂p−1
i=1 CD(Vi) (which
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acts faithfully on Vp), and also
p−1∏
i=0
|Di| = |D|.
Now by induction we conclude that |Di : D
c
i | < |Vi+1| = |V1| for i = 0, . . . , p− 1.
We are now ready to show that H = 1. For this, note that even HDi = (HCi)/Ci+1 acts
faithfully and completely reducibly on Vi+1, and so by induction for Ei = (HCi)/Ci+1 we even
get |Ei : E
c
i | < |Vi+1| = |V1| for i = 0, . . . , p − 1. In particular, clearly |H| divides |Ei : E
c
i |
(since Ec = Dc), and hence we obtain |Di : D
c
i | < |Vi+1|/|H| = |V1| for i = 0, . . . , p − 1.
Consequently, we obtain
|G : Gc| = p|E : Dc| = p|H| |D : Dc| ≤ p |H|
p−1∏
i=0
|Di : D
c
i | < p · |H| ·
|V |
|H|p
=
p
|H|p−1
|V |.
So if H > 1, then |H| ≥ 2, and so |G : Gc| < p
2p−1
|V | ≤ |V | follows, and we are done.
Therefore for the rest of the proof we may assume that G is a p-group.
Recall from above that |Di : D
c
i | < |Vi+1| = |V1| for i = 0, . . . , p − 1.
Next observe that there exists exactly one nonnegative integer k such that |V1|/p ≤ p
k < |V1|.
Now if there exists a j ∈ {0, . . . , p− 1} such that |Dj : D
c
j | < p
k, then |Dj : D
c
j | < |V1|/p, and
then we obtain
|G : Gc| = p|D : Dc| ≤ p
p−1∏
i=0
|Di : D
c
i | < p ·
|V |
p
= |V |,
and we are done.
So we may, therefore, assume from now on that |Di : D
c
i | = p
k for i = 0, . . . , p− 1.
We next put s = p1/p and observe that if pk < |V1|/s, then
|G : Gc| = p|D : Dc| ≤ p
p−1∏
i=0
|Di : D
c
i | < p ·
|V |
sp
= p ·
|V |
p
= |V |,
and again we are done. Hence we now know that
|V1|/s < p
k < |V1|;
the first strict inequality follows from the fact that |V1|/s clearly is not an integer.
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Now let
Ki =
⋂
∈{1,...,p}−{i}
CD(Vj)
(i = 1, . . . , p) and observe thatKi✂D for all i, and G/D permutes theKi transitively. Moreover,
Kp = Dp−1, and thus |Ki : K
c
i | = |Dp−1 : D
c
p−1| = p
k > |V1|/s for all i. Also, it is easy to see
that K :=
∏p
i=1Ki = \/
p
i=1Ki is a direct product of the Ki and K ✂G and thus acts completely
reducibly on V . We therefore have
|K : Kc| =
p∏
i=1
|Ki : K
c
i | >
p∏
i=1
|V1|
s
=
|V |
p
.
Our next goal is to show that D = K. For this we first need to make another little observation.
Put W1 =
p−1∑
i=1
Vi and W2 = Vp. Then D/Kp acts faithfully on W1, and Kp acts faithfully on
W2, and both actions are clearly completely reducible. Now by Lemma 2.1 we have |D/D
c| =
|D/DcKp| · |Kp : Kp ∩D
c|, and by induction we have |D/DcKp| = |(D/K
p) : (D/Kp)
c| < |W1|
and |Kp : Kp ∩ D
c| ≤ |Kp : K
c
p| < |W2|. Now if even |Kp : Kp ∩ D
c| < |Kp : K
c
p|, then
p|Kp : Kp ∩D
c| ≤ |Kp : K
c
p|, and then
|G : Gc| = |G : Dc| = p|D : Dc| = p · |D/DcKp| · |Kp : Kp ∩D
c|
≤ |D/DcKp| · |Kp : K
c
p| < |W1| · |W2| = |V |,
and we are done. Hence we may assume that |Kp : Kp ∩ D
c| = |Kp : K
c
p|, or, equivalently,
that Kcp = Kp ∩D
c. Since the Ki are all conjugate in G, it follows that K
c
i = Ki ∩D
c (∗) for
i = 1, . . . , p.
Now assume that D > K and let L ✂ D such that K < L and |L : K| = p. Then V is
a completely reducible faithful L-module and L < G, so that by induction we conclude that
|L : Lc| < |V | (∗∗). Let d ∈ L−K and Li = Ki〈d〉. Clearly d acts on each of the Ki, and hence
we see that Lc = [L,L,L] ≤
∏p
i=1[Li, Li, Li] =
∏p
i=1 L
c
i . As L
c
i ≤ Ki ∩D
c = Kci (by (∗)) and
obviously Kci ≤ L
c
i , altogether we have L
c
i = K
c
i for all i, and thus L
c =
∏p
i=1K
c
i = K
c. Hence
with (∗∗) we get that
|V | > |L : Lc| = |L : Kc| = p|K : Kc| > p ·
|V |
p
= |V |,
which is a contradiction. This proves that indeed D = K.
We finally have accumulated sufficiently detailed information on the structure of G so that now
we can finish the proof quite quickly.
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Recall that Gc = Dc = Kc. Let g ∈ G − D. Let k1 ∈ K1 −K
c
1. Clearly we may assume that
V g1 = V2. Then K
g
1 = K2 and so k
g
1 ∈ K2 −K
c
2. Thus
[k1, g] = k
−1
1 k
g
1 ∈ (K1 ×K2)− (K
c
1 ×K
c
2),
so
1 6= [k1, g]K
c = [k1K
c, gKc] ∈ (G/Gc)′ ≤ Z(G/Gc),
since G/Gc is of class 2. Since
(k−11 K
c
1)(k
g
1K
c
2)
p∏
i=3
Kci = [k1, g]K
c ∈ Z(G/Gc) ∩D/Dc ≤ Z(D/Dc) = \/pi=1Z(Ki/K
c
i ),
we conclude that k−11 K
c
1 ∈ Z(K1/K
c
1) and thus k1K
c
1 ∈ Z(K1/K
c
1), and as k1 ∈ K1 −K
c
1 was
chosen arbitrarily, we obtain thatK1/K
c
1 is abelian. ThusK
′
1 ≤ K
c
1 ≤ K
′
1 and soK
′
1 = K
c
1 which
implies that K1 is abelian. Hence all the Ki and therefore K is abelian, and so 1 = K
c = Gc.
(From [k1, g]K
c ∈ Z(G/Gc) it also follows immediately that p = 2, but we do not need this
any more.) Since Gc = 1, G is now of class 2, and we obtain the desired conclusion |G| < |V |
from Glauberman’s result in [3, Proposition 1], and this completes the proof of the theorem. ✸
We finally can prove the inequality |G/Gc| < |F (G)/F (G)c| as announced above.
2.4 Corollary. Let G be a finite solvable group and V a finite faithful completely reducible
G-module, possibly of mixed characteristic. If G is not nilpotent, then
|G/Gc| < |F (G)/F (G)c|.
Proof. Suppose that G is not nilpotent and proceed exactly as in the beginning of the proof of
Theorem 2.3 where it is proved that G can be assumed to be nilpotent. Note that in that proof
the inequality (1) there is obtained by using an inductive hypothesis which we do not have if we
just want to prove the current corollary. But we can, instead, simply use Theorem 2.3 to get
that inequality (1) and otherwise just follow the argument outlined in the proof of Theorem 2.3
to arrive at the inequality (4) which is the desired one. ✸
Remark: We construct a few examples to show that our result is the best possible.
1. G = D8 acts on V = F
2
3 , D8 is of class 2 and the bound is tight.
2. G = SD16 (the Sylow 2-subgroup of GL(2, 3)) acts on V = F
2
3 , and SD16 is of class 3 and
has order 16.
3. G = Z3 ≀ Z3 acts on V = F
6
2 , Z3 ≀ Z3 is of class 3 and has order 81.
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